In this manuscript, we consider the class $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {M}}(n, \Lambda , v, D)$$\end{document}$ of *n*-dimensional, closed, connected, oriented Riemannian manifolds *M* with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{\mathrm{Ric}}}_{M} \ge -(n-1) \Lambda , \quad {{\mathcal {H}}}^n(M) \ge v > 0, \quad {\text {Diam}}(M) \le D, \end{aligned}$$\end{document}$$and show that for a sequence of manifolds in this class, Gromov-Hausdorff convergence essentially agrees with intrinsic flat convergence.

The intrinsic flat distance was introduced by Sormani and Wenger \[[@CR13]\], and relates to the flat distance as the Gromov-Hausdorff distance relates to the Hausdorff distance.

In general, there are significant differences between Gromov-Hausdorff convergence and intrinsic flat convergence: the intrinsic flat limit may be noncompact, there are sequences of Riemannian manifolds that do have an intrinsic flat limit but do not have a Gromov-Hausdorff limit, the intrinsic flat limit is always rectifiable, etc. However, in the presence of a uniform lower bound on the Ricci curvature and the volume, the theory on the structure of Gromov-Hausdorff limits developed by Cheeger and Colding \[[@CR3]--[@CR5]\] suggests that the two concepts may not differ all that much.

The first result in this direction goes back to Sormani and Wenger \[[@CR12]\]. They show that if a sequence of manifolds $\documentclass[12pt]{minimal}
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                \begin{document}$$(X, d_X, T)$$\end{document}$: a metric space *X* endowed with an integral current *T* (in the sense of Ambrosio-Kirchheim \[[@CR1]\]), that is completely settled (meaning *X* is exactly the set of positive *n*-dimensional lower density for *T*). Recently, Munn \[[@CR8]\] has obtained a similar result for sequences of manifolds with a uniform, two-sided bound on the Ricci curvature.

Li and Perales \[[@CR7]\] have proved that for a sequence of integral current spaces for which the metric spaces are Alexandrov spaces of nonnegative curvature and have a uniform diameter upper bound, either the sequence converges in the intrinsic flat distance to the zero space, or a subsequence converges in both the Gromov-Hausdorff and the intrinsic flat distance, and the underlying metric spaces in the limit are the same.

This manuscript extends the results by Sormani and Wenger \[[@CR12]\] and Munn \[[@CR8]\] to sequences of manifolds with an arbitrary uniform lower bound on the Ricci curvature and additionally shows that the limiting current is essentially unique, has multiplicity one, and has mass equal to the Hausdorff measure on the limiting space.

Before we state our main results more precisely, we need to introduce some notation. The class $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}^{IF}(n, \Lambda , v, D)$$\end{document}$ by identifying every integral current space with its image under the involution.

Our first main theorem is the following.

Theorem A {#FPar1}
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                \begin{document}$$\begin{aligned} (X, d_X, T)\mapsto X \end{aligned}$$\end{document}$$is well-defined and is a homeomorphism.
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This theorem implies the aforementioned results by Sormani and Wenger and Munn. Yet it also illustrates that the currents are just going along for the ride: up to the involution, the currents are uniquely determined by the underlying metric spaces.

From the fact that the mass measure $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {H}}}^n$$\end{document}$, it follows that it is the limit (in a weak sense) of the Riemannian volume measures of the manifolds in the approximating sequence. Indeed, Cheeger and Colding \[[@CR3], Theorem 5.9\] have shown that under Gromov-Hausdorff convergence, the Riemannian volume measures on the manifolds converge to the Hausdorff measure on the limit space.

We believe that the idea of the original proof by Sormani and Wenger in \[[@CR12]\] can be used to extend their result to the case of Ricci curvature bounded below by an arbitrary constant. The important ingredients in their proof, such as the application of a volume estimate by Colding \[[@CR6], Corollary 2.19\] and Perelman's Main Lemma in \[[@CR9]\], are applicable to manifolds of almost nonnegative curvature, and therefore they can be applied after scaling. To our knowledge, this was so far unknown. Our proof will differ from the one by Sormani and Wenger and does not use Perelman's Main Lemma.

Our techniques also allow to prove the uniqueness of the limiting current and the following local constancy theorem.

Theorem B {#FPar2}
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Alternatively, Theorem [B](#FPar2){ref-type="sec"} may be interpreted as stating that the local top-dimensional homology of the space is isomorphic to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {Z}}$$\end{document}$.

The structure of the manuscript is as follows. Section [1](#Sec1){ref-type="sec"} gives a coarse background on integral currents in the sense of Ambrosio and Kirchheim \[[@CR1]\], integral current spaces and intrinsic flat converge as introduced by Sormani and Wenger \[[@CR13]\] and some of the elements we need from the theory on the structure of spaces with Ricci curvature bounded below by Cheeger and Colding \[[@CR3], [@CR4]\]. In our notation, we generally try to stick to the notation in these articles.

Theorems [A](#FPar1){ref-type="sec"} and [B](#FPar2){ref-type="sec"} are direct consequences of Theorem [4.1](#FPar11){ref-type="sec"} in the text. A crucial ingredient is a link between zero-dimensional slices and the degree, which we will explain in Sect. [2](#Sec5){ref-type="sec"}. Earlier work by Sormani and the second author \[[@CR10]\] showed that integrals of the flat distance between lower-dimensional slices of currents can be controlled by the flat distances between the original currents. This will imply that the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^1$$\end{document}$-distance between their degrees can be controlled locally. In Sect. [3](#Sec6){ref-type="sec"}, we show that Colding's volume estimate easily translates into an estimate on the degree for manifolds $\documentclass[12pt]{minimal}
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                \begin{document}$$M \in {\mathcal {M}}(n, \Lambda , v, D)$$\end{document}$. In Sect. [4](#Sec7){ref-type="sec"} we combine these two ingredients to give a proof of the main theorem.

Background {#Sec1}
==========

In this section, we review integral currents on metric spaces as introduced by Ambrosio and Kirchheim \[[@CR1]\], the intrinsic flat distance introduced by Sormani and Wenger \[[@CR13]\] and some theory on the structure of spaces with Ricci curvature bounded below by Cheeger and Colding \[[@CR3], [@CR4]\]. The prime purpose of this review is to fix notation. We adhere closely to the notation used in these articles, and therefore the reader familiar with these works could probably understand the rest of the manuscript without reading this section.

Currents {#Sec2}
--------

Let *X* be a complete metric space. For $\documentclass[12pt]{minimal}
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An *n*-dimensional metric functional is a function $\documentclass[12pt]{minimal}
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The exterior differential *d* maps $\documentclass[12pt]{minimal}
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An *n*-dimensional current *T* is an *n*-dimensional metric functional with additional properties. From the definition by Ambrosio and Kirchheim \[[@CR1], Definition 3.1\], immediately stronger properties may be derived. We choose to only phrase the stronger properties. The space of *n*-dimensional currents forms a Banach space, with respect to the mass norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathbf {M}}}(T) = \Vert T\Vert (X)$$\end{document}$. We denote the Banach space by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathbf {M}}}_n(X)$$\end{document}$. Every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T \in {{\mathbf {M}}}_n(X)$$\end{document}$ satisfies(i)*T* is multilinear in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(f, \pi _1, \dots , \pi _n)$$\end{document}$, and whenever *f* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _1$$\end{document}$ are both bounded and Lipschitz, it holds that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} T(f, \pi _1, \dots , \pi _n) + T( \pi _1 , f, \dots , \pi _n) = T( 1, f\pi _1, \dots , \pi _n), \end{aligned}$$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} T( f , \psi _1( \pi ), \dots , \psi _n(\pi )) = T( f \det \nabla \psi (\pi ) , \pi _1, \dots , \pi _n), \end{aligned}$$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi = (\psi _1, \dots , \psi _n) \in [C^1({\mathbb {R}}^n)]^n$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nabla \psi $$\end{document}$ is bounded;(ii)The following continuity property is satisfied $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{i \rightarrow \infty } T\left( f^i, \pi _1^i, \dots , \pi _n^i\right) = T\left( f, \pi _1, \dots , \pi _n\right) \end{aligned}$$\end{document}$$ whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^i - f \rightarrow 0$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^1(X, \Vert T\Vert )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _j^i \rightarrow \pi _j$$\end{document}$ pointwise in *X* with uniformly bounded Lipschitz constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {Lip}}(\pi _j^i) \le C$$\end{document}$;(iii)The following locality property holds: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T(f, \pi _1, \dots , \pi _n) = 0$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{ f \ne 0\} = \cup _i B_i$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_i$$\end{document}$ are Borel and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _i$$\end{document}$ is constant on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_i$$\end{document}$.We say that a sequence of currents $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_i \in {{\mathbf {M}}}_n(X)$$\end{document}$ converges weakly to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T \in {{\mathbf {M}}}_n(X)$$\end{document}$ if for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega \in {\mathcal {D}}^n(X)$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{i \rightarrow \infty } T_i (\omega ) = T( \omega ). \end{aligned}$$\end{document}$$The mass of open sets is lower-semicontinuous under weak convergence, that is for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O \subset X$$\end{document}$ open, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_i$$\end{document}$ converging weakly to *T*,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \liminf _{i\rightarrow \infty } \Vert T_i\Vert (O) \ge \Vert T\Vert (O). \end{aligned}$$\end{document}$$A very important example of an *n*-dimensional current on the Euclidean space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^n$$\end{document}$ is given by the current induced by a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g \in L^1({\mathbb {R}}^n)$$\end{document}$ which we denote by and is defined byWe say that a current $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T \in {{\mathbf {M}}}_n(X)$$\end{document}$ is normal if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial T \in {{\mathbf {M}}}_{n-1}(X)$$\end{document}$.

A subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S \subset X$$\end{document}$ is called countably $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {H}}}^n$$\end{document}$-rectifiable if there are compact sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_i \subset {\mathbb {R}}^n$$\end{document}$ and Lipschitz functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_i: K_i \rightarrow X$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{\mathcal {H}}}^n\left( S \backslash \cup _{i=1}^\infty f_i(K_i) \right) = 0. \end{aligned}$$\end{document}$$We say $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T \in {{\mathbf {M}}}_n(X)$$\end{document}$ is rectifiable if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert T\Vert $$\end{document}$ is concentrated on a countably $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {H}}}^n$$\end{document}$-rectifiable set and vanishes on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {H}}}^n$$\end{document}$-negligible Borel sets. We call *T* integer rectifiable if for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \in {\text {Lip}}(X, {\mathbb {R}}^n)$$\end{document}$ and all open $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O \subset X$$\end{document}$ it holds that for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta \in L^1({\mathbb {R}}^n, {\mathbb {Z}})$$\end{document}$. Finally, the collection of integral currents will consist of all integer rectifiable currents that are also normal. We will denote this collection by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_n(X)$$\end{document}$ and in this manuscript, we will only deal with integral currents.

We denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _n$$\end{document}$ the (Lebesgue) volume of the unit ball in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^n$$\end{document}$. For a Borel measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ on *X*, we define respectively the *n*-dimensional lower and upper density of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in X$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Theta _{n*} (\mu , x) := \liminf _{r \downarrow 0} \frac{\mu (B_r(x))}{\omega _n r^n}, \qquad \Theta _n^*(\mu , x) := \limsup _{r \downarrow 0} \frac{\mu (B_r(x))}{\omega _n r^n}. \end{aligned}$$\end{document}$$If these values coincide, we call the common value the *n*-dimensional density of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ in *x* and we denote it by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Theta _n(\mu ,x)$$\end{document}$. We define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{{set}}(T) \subset X$$\end{document}$ as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm{{set}}(T) := \left\{ x \in X \, | \, \Theta _{n*}(\Vert T\Vert , x) > 0 \right\} . \end{aligned}$$\end{document}$$For an integer rectifiable current *T*, the mass $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert T\Vert $$\end{document}$ is always concentrated on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{{set}}(T)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{{set}}(T)$$\end{document}$ is rectifiable.

Integer rectifiable currents allow for a parametric representation. It is a simple consequence of Lusin's theorem and \[[@CR1], Theorem 4.5\] that if *T* is an *n*-dimensional integer rectifiable current, there exist a sequence of compact sets $\documentclass[12pt]{minimal}
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The intrinsic representation of rectifiable currents by Ambrosio and Kirchheim \[[@CR1], Theorem 9.1\] shows that at least in some sense, this formula holds for any integer rectifiable current. More precisely, if *Z* is a $\documentclass[12pt]{minimal}
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Integral Current Spaces and Intrinsic Flat Convergence {#Sec3}
------------------------------------------------------
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The intrinsic flat distance between two integral current spaces $\documentclass[12pt]{minimal}
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We will denote the metric space of (equivalence classes of) *n*-dimensional integral current spaces with the intrinsic flat distance by $\documentclass[12pt]{minimal}
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The Structure of Spaces with Ricci Curvature Bounded Below {#Sec4}
----------------------------------------------------------

In \[[@CR3]--[@CR5]\], Cheeger and Colding study the structure of metric spaces that arise as the Gromov-Hausdorff limits of manifolds with Ricci curvature uniformly bounded from below.

Cheeger and Colding consider both noncollapsed and collapsed limit spaces. From the point of view of intrinsic flat convergence, the collapsed case is trivial as in that case the approximating sequence of Riemannian manifolds converges in the intrinsic flat distance to the zero integral current space. We therefore consider only noncollapsed limit spaces, for which the results by Cheeger and Colding are much stronger.
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Degree Estimate {#Sec5}
===============
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Definition 2.1 {#FPar3}
--------------
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If *T* is a current induced by an oriented Riemannian manifold, then the degree defined above indeed corresponds to the usual topological degree.

By the Ambrosio-Kirchheim slicing theorem \[[@CR1], Theorem 5.7\] and \[[@CR1], Eq. (5.18)\] the degree can be evaluated by$$\documentclass[12pt]{minimal}
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Proof {#FPar5}
-----

We use the estimate by Sormani and the second author \[[@CR10], Proposition 4.17\]$$\documentclass[12pt]{minimal}
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A Consequence of Colding's Volume Estimate {#Sec6}
==========================================
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Proof {#FPar8}
-----
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Lemma 3.3 {#FPar9}
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-----
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Proof of the Main Theorems {#Sec7}
==========================

Theorems [A](#FPar1){ref-type="sec"} and [B](#FPar2){ref-type="sec"} in the introduction are implied by the following theorem.
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Before we prove Theorem [4.1](#FPar11){ref-type="sec"}, we explain how it implies the theorems in the introduction. Certainly, Theorem [B](#FPar2){ref-type="sec"} is a direct consequence of part (iv) in the above theorem.
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The map *F* is one-to-one by (iv). A one-to-one continuous map from a compact to a Hausdorff space is automatically a homeomorphism. So the only non-trivial part of Theorem [A](#FPar1){ref-type="sec"} left to show is the continuity of *F*.
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We will now prove Theorem [4.1](#FPar11){ref-type="sec"}.
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-----
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Remark 4.2 {#FPar13}
----------

To obtain the necessary control on the degree, we use that an $\documentclass[12pt]{minimal}
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